
Math 234 Review

Chapter 6: Moment of Inertia, Cylindrical and Spherical Coordinates

1. (Moment of inertia will not be on the exam. The computation here is a practice of using
the cylindrical coordinates.) By equation (138) on page 129, we need to compute the triple
integral

M =

∫∫∫
D

µr2dV.

Writing this in the cylindrical coordinates, we get

M =

∫ 2π

0

∫ 100

0

∫ 100

0

1

x2 + y2
e−x

2−y2−zr2dzrdrdθ

=

∫ 2π

0

∫ 100

0

∫ 100

0

1

r2
e−r

2−zr3dzdrdθ

=

∫ 2π

0

∫ 100

0

∫ 100

0

re−r
2

e−zdzdrdθ

= (1− e−100)
∫ 2π

0

∫ 100

0

re−r
2

drdθ

= (1− e−100)
∫ 2π

0

1

2
(1− e10000)dθ

= (1− e−100)(1− e10000)π

≈ π

2. (Moment of inertia will not be on the exam. The computation is a practice of using
the spherical coordinates.) By equation (138) on page 129, we need to compute the triple
integral

M =

∫∫∫
D

µr2dV.

Writing this in the spherical coordinates, we get

M =

∫ 1

0

∫ 2π

0

∫ π/4

0

r2 · ρ2 sinφdφdθdρ

=

∫ 1

0

∫ 2π

0

∫ π/4

0

ρ2 sin2 φ · ρ2 sinφdφdθdρ (r2 = x2 + y2 = ρ2 sin2 φ)

=

∫ 1

0

∫ 2π

0

∫ π/4

0

ρ4 sin3 φdφdθdρ

=

∫ 1

0

∫ 2π

0

ρ4
∫ π/4

0

(1− cos2 φ) sinφdφdθdρ

=

∫ 1

0

∫ 2π

0

ρ4
∫ π/4

0

(sinφ− cos2 φ sinφ)dφdθdρ



=

∫ 1

0

∫ 2π

0

ρ4
{
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π/4
0 +

1

3
[cos3 φ]

π/4
0

}
dθdρ

=

∫ 1

0

∫ 2π

0
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2
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3
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√
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}
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=
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)
π

Chapter 7: Vector Calculus

1. According to page 141, the average of f on C is given by∫
C fds∫
C ds

.

In our case

f = cos θ =
−→x · −→e3
‖−→x ‖‖−→e3‖

=
t√

1 + t2
.

On the other hand,
ds = ‖−→x ′(t)‖dt =

√
1 + t2dt.

So ∫
C
fds =

∫ 1000

0

t√
1 + t2

√
1 + t2dt =

∫ 1000

0

tdt = 500000 .

Computing
∫
C ds involves the integral

∫ √
1 + t2 dt, which will not be required on the test.

(It turns out
∫
C ds ≈ 500004. Therefore the average is about 1.)

2. Since the domain D is symmetric about x and y, it suffices to compute

x =

∫
C xds∫
C ds

.

Note that C = C1 + C2 + C3, where

C1 : x = t, y = 0, 0 ≤ t ≤ 1

C2 : x = 0, y = t, 0 ≤ t ≤ 1

C3 : x = cos t, y = sin t, 0 ≤ t ≤ π/2.

In particular, the denominator
∫
C ds equals the arclength of C, which is 1 + 1 + π/2 = 2 + π

2
.

To compute the numerator, we write∫
C
xds =

∫
C1
xds+

∫
C2
xds+

∫
C3
xds.



Where ∫
C1
xds =

∫ 1

0

tdt = 1/2,∫
C2
xds =

∫ 1

0

0dt = 0,

and ∫
C3
xds =

∫ π/2

0

cos tdt = 1 (note that ‖−→x ′(t)‖ = 1).

So ∫
C
xds =

1

2
+ 0 + 1 =

3

2
,

and therefore

x = y =
3/2

2 + π/2
=

3

4 + π
≈ 0.42.

3. Using the given parametrization,∫
C

−→
F · d−→x =

∫
C
xdx+ ydy + zdz

=

∫ 1

0

tdt+ t2dt2 + t3dt3

=

∫ 1

0

tdt+ t2(2t)dt+ t3(3t2)dt

=

∫ 1

0

(t+ 2t3 + 3t5)dt

=
(t2

2
+

2t4

4
+

3t6

6

)∣∣∣1
0

=
3

2

4. (1) We compute it using Green’s theorem (for circulation).∮
C

−→
F · d−→x =

∫
D

∣∣∣∣∂x ∂y
P Q

∣∣∣∣ dA
=

∫
D

{∂(xy2)

∂x
− ∂(x2y)

∂y

}
dA

=

∫ 1

0

∫ 1

0

(y2 − x2)dxdy

= 0

(2)
−→
F is not conservative since Qx 6= Py.



(3) Using Green’s theorem (for flux),∮
C

−→
F ·
−→
Nds =

∫
D

(
∂x
∂y

)
·
(
P
Q

)
dA

=

∫
D

(2xy + 2xy)dA

=

∫ 1

0

∫ 1

0

4xydxdy

= 1

5. (1) Using Green’s theorem (for circulation),∮
C

−→
F ·
−→
Tds =

∮
C

−→
F · d−→x

= −
∫
D

∣∣∣∣∂x ∂y
P Q

∣∣∣∣ dA (− sign due to clock-wise orientation)

= −
∫
D

(2xy − (−2xy))dA

= −
∫ π

0

∫ 2

1

4xy · rdrdθ (polar coordinates)

= −
∫ π

0

∫ 2

1

(4r cos θr sin θ) · rdrdθ

= −
∫ π

0

∫ 2

1

4r3 cos θ sin θdrdθ

= −15

∫ π

0

cos θ sin θdθ

= −15
[sin2 θ

2

]π
0

= 0

Using Green’s theorem (for flux),∮
C

−→
F ·
−→
Nds = −

∫
D

(
∂x
∂y

)
·
(
P
Q

)
dA (− sign due to clock-wise orientation)

= −
∫
D

(−y2 + x2)dA

= −
∫ π

0

∫ 2

1

(x2 − y2) · rdrdθ (polar coordinates)

= −
∫ π

0

∫ 2

1

(r2 cos2 θ − r2 sin2 θ) · rdrdθ

= −
∫ π

0

∫ 2

1

r3(cos2 θ − sin2 θ)drdθ



= −15

4

∫ π

0

(cos2 θ − sin2 θ)dθ

= −15

4

∫ π

0

{1 + cos 2θ

2
− 1− cos 2θ

2

}
dθ

= −15

4

∫ π

0

cos 2θdθ

= −15

4

sin 2θ

2

∣∣∣π
0

= 0

(2)
−→
F is not conservative since Qx−Py 6= 0.

−→
F is not divergence-free since Px +Qy 6= 0.

6. One can view this as a circulation ∮
C

−→
F · d−→x

where
−→
F =

(
(y2 + x)ex

0

)
.

Using Green’s theorem (for circulation),∮
C

−→
F · d−→x = −

∫
D

∣∣∣∣∂x ∂y
P Q

∣∣∣∣ dA
=

∫
D

2yexdA

=

∫ 1

0

∫ 1

√
x

2yexdydx

=

∫ 1

0

ex(1− x)dx

=

∫ 1

0

exdx−
∫ 1

0

xexdx

=

∫ 1

0

exdx−
(
xex
∣∣1
0
−
∫ 1

0

exdx
)

(integration by parts)

= 2

∫ 1

0

exdx− e

= e− 2


