Theorem 2.6.4 (Bolzano-Weierstrass Theorem) If the sequence {a,}5°, is bounded, then it
has a convergent subsequence.

Proof. (Some pictures of the proof can be found here, where {a,} is denoted {z,}.) Since
the sequence {a,}>° ; is bounded, there exists M > 0 such that

la,| < M, ¥Vn > 1.
In other words,
a, € [-M,M], ¥n > 1. (the symbel € means ‘belongs to’)

We now describe how we can find inductively a convergent subsequence {a,, }3>; of {a,}52;.

First, let ny = 1 and I; = [-M, M]. Suppose n; and I have been chosen, we now
proceed to choose nyq and Ij,;. Divide I into two intervals of equal length, denoted .J;
and Jy. Consider two cases:

Case 1: If there are infinitely many indexes n such that a, € J;, then we can find one
such n with n > ny, (since there are infinitely many of them). Take ny; to be this n. Take
I;.1 to be J;. This finishes our choice of ng 1 and I 1.

Case 2: If otherwise there only finitely many indexes n such that a, € J;, then there
must be infinitely many indexes n such that a, € J;. In particular we can find one such n
with n > n,. In this case, take ny; to be this n, and take I, to be Js.

By induction we obtain a subsequence {ay,, }3°, which satisfies
ap, € I, Yk > 1.
Observe also that the intervals [ satisfy
Iti1 C Iy (nested; the symbel C means ‘is contained in’)

and

2M
] = 57—

S (shrinking; here |I;| denotes the length of Ij).

To show that {a,, }?2, is convergent, by Theorem 2.5.9 it remains/suffices to show that
{an, }72, is a Cauchy sequence. To this end, let € > 0 be any given positive number. Since
2M

lim S0 —
koo 261 0

there exists k* such that

2M

W<€.

For all kK > k* and ¢ > k*, by the nesting property of the intervals I}, we have

ankEIkC]k_1C"'Clk*
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and
Qnp, cel,Cl; 1 C- ClI.

In particular, both a,, and a,, are contained in I-. From this we obtain

|ank - an4| S |]k‘* .

On the other hand, by our choice of k*,

Combining these, we get
|an, — an,| < e, Yk, 0> K.

By definition, this shows {a,, }32, is a Cauchy sequence, and the proof is complete.



