2.1#5 Assume that {a,}32, converges to A. By definition for any ¢ > 0, there exists n*
such that
la, — Al <&, Vn >n".

By the triangle inequality we have
|lan| — |A]] < |an — Al

So it follows that
llan| —|A|| < e, Yn >n".

This shows that {|a,|}52, converges to |A].
The converse is false. Consider a,, = (—1)". Then {|a,| = 1}5°, converges to 1. But
{a, = (=1)"}5°, diverges.

2.1#12 By Theorem 2.1.12, since {a,}2°, converges to A # 0, there exists n* such that

Al
W= v >t
|ay| 5 n>n
From this we get
1 2 .
— < —, Vn>n
|an| ~ |A]

On the other hand, by the assumption we have a, # 0, Vn > 1. So we can take

1 1 2
M:max{—,---,—,—}7
|ay| |an=—1]" |A]

so that .
— < M, Vn > 1.
||

This shows {i};’f’:l is a bounded sequence.

2.2#5 Since {b,}22, is bounded, there exists M > 0 such that
|b,| < M, Vn > 1.

It follows that
0 < lanb,| < M|a,|, Vn > 1.

Since {a, }22, converges to 0, by Theorem 2.1.14 we have {|a,|}7°, converges 0, and therefore

lim Mla,| = 0.

n—o0

By the squeeze theorem, it follows that

lim |a,b,| = 0.
n—oo



By Theorem 2.1.14 again, we then have

lim a,b, =0,
n—oo

as desired.

2.3#6(a) Since {b,}°°, converges to B > 0, by definition, with ¢ = B/2 there exists n*
such that
b, — B| < B/2, Vn > n".

Since
B—b, <|b, — B,

it follows that
b, > B/2, ¥Yn >n".

Applying Theorem 2.3.3(b) with K = B/2, we conclude that

lim a,b, = oo,
n—oo

as desired.



