11.1#2 Let P = {R;;} be any partition of the rectangle R = [a, b] x [c, d]. Since f(x,y) =k,
we have
Mz-j:supf:k:, m”:glff:k

for any ¢ and j. Therefore,

U(P, f) = ZMz‘j|Rz’j| =k Y |Ry| = k(b—a)(d —c),

L(P, f) = Zmij|Rz’j| = kz |Rij| = k(b —a)(d —c).

Consequently,

WRf - i%fU(R f)=k(b—a)d-rc),

// f=supL(P, f) =k(b—a)(d—c).

JJ R P

Since ﬁRf = ﬂRf = k(b — a)(d — ¢), by definition, f is Riemann integrable on R with
[Jaf=kb—a)(d—c).

11.1#6 Let P = {R;;} be any partition of the rectangle R = [0, 1] x [0, 1]. For any i and 7,
since R;; contains a point (z,y) with x € Q, we have

My =sup f = 1;

]

similarly, since R;; contains a point (z,y) with ¢ Q, we have

From this we find that

U(P,f) = My|Ryl =) Ryl =1,

L(P, f) = Zmij’Rij| =0,
ij

[ r=woen=1,
ﬁRf = sgpL(P, f)=0.

Since HR [ o/ by definition, f is not Riemann integrable on R.

and therefore



11.2#5 (a) Let’s consider three different cases.
Case 1: y < 1. In this case we have

[ fepde=2< [tz =2
0 < 0

Therefore fo x,y)dz does not exist.
Case 2: y = 1. In this case we have

flz,y) =2, Yz € [0,1].

So fo z,y)dx = 2 (exists).
Case 3: y > 1. In this case we have

/ f(z,y)dx =2y > / fx,y)dr =
0 2o

Therefore fo z,y)dx does not exist.
Since fo x,y)dz exists only when y = 1, the iterated integral fo [fo T y)d:c] dy DNE.

(b) Let’s consider two different cases.
Case 1: x ¢ Q. In this case we have

flx,y) =2, Yy €0,2].

So fo x,y)dy = 4 (exists).
Case 2: x € Q. In this case we have

flx,y) =2y, Yy €[0,2].

So f02 fz,y)dy = f02 2ydy = 4 (exists).
Therefore the iterated integral fol [ f02 f(z, y)dy} dr = fol 4dr = 4 (exists).

(c) We show that f is not Riemann integrable on R = [0,1] x [0,2]. If f were Riemann
integrable, then by Fubini’s theorem, we would have

/ 1 [7:f<x,y>dy] w= [ 2 [7:f(w,y)dw] d

By the computation above, this leads to

2
4:/ max(2y, 2) dy
0
2 1 2
/ max(2y,2) dy = / 2dy + / 2udy =5 # 4,
0 0 1

Since



we obtain a contradiction.

11.2#7(a) Since f(x) and g(y) are both Riemann integrable, it can be shown that F(z,y) :=
f(z)g(y) is Riemann integrable on R = [a,b] X [c,d]| (show this). By Fubini’s theorem, we
then have (note that the inner integral always exists)

J[ rwswasas= [*[ [ swaturas] ay
- [ o) | bf(x)dx] ay
= ([ rwas] [ stway
= [ s [ [ st

This proves the identity.



