10.1#6 Assuming B,---, B, are open sets. To show that N}_,Bj is open, given any
x € N{_, By, we show that there exists > 0 such that

B(z,r) C Np_, By

(thus z is an interior point of N}_; By). For any k = 1,--- ,n, since x € By, and By, is open,
there must exist r, > 0 such that
B(z,ry) C Byg.

Now letting

r = min 7y,
1<k<n

we have r > 0 and
B(z,r) C B(x,7) C By, forany k=1,--- n.
Therefore
B(l’,?’) - mz:lBka

as desired.

10.1#8 (a) The set
D={zecR*:0< |z <1}

is neither closed nor open. It is not open because (1,0) € D but is not an interior point. It
is not closed because (0,0) is an accumulation point but not included in D.
(b) D = R? is both open and closed.

10.2#4 (c) Consider the sequence

11
nyYn) — \ 7 " | > :1727”'
(@n, Yn) (n n) n

Clearly we have
lim (z,, y,) = (0,0).

n—oo

By the definition of f,
1
f(xnvyn) = 5, for all n = 172’... .

In particular,

Tim (0, yn) # £(0,0) = 0.

This shows f is discontinuous at (0, 0).

(b) Consider two different cases.

Case 1: b= 0. In this case we have g(z) = 0, Vz € R. Thus g(z) is continuous at x = 0.
Case 2: b # 0. In this case we have

bx
9=



which is clearly continuous at = 0 since b # 0. Part (c) is similar to part (b).

10.2#10(a) By Theorem 10.2.7, to show that fg is continuous at (a, b), it suffices to show
that for any sequence (x,,y,) € D with

lim (z,,y,) = (a,b),

n—oo

we have

lim (fg)(zn, yn) = (fg)(a,b).

n—o0
Indeed, by the continuity of f and g at (a,b), we have
lim f (2, yn) = f(a,),  lim g(an, yn) = 9(a,b).

n—oo

Therefore
im f(xn,yn) - 9(xn, yn) = f(a,b) - g(a,b).

This shows
Tim (£g)(wn, yn) = (f9)(a,b),

as desired.



