8.2#2 Given ¢ > 0, since f,, converges uniformly to f on D, there exists nj such that
[fal@) = f@)] < 5, Va € D, n = ni.

Similarly, since g,, converges uniformly to g on D, there exists nj such that
lgn () — g(z)] < g, Ve € D, n > nj.

Let n* = max(nj,n}). Then for all n > n*, x € D, we have

(@) + gn(2)) = (f(2) + 9(2))] = [(/u(z) = f(2)) + (gn(2) — 9(2))|
< [ful2) = F(@)] + |gn(z) — g(2)]

By definition, this shows f,, 4+ ¢, converges uniformly to f + g on D.

8.2#3(a) Let ¢ = 1. Since f,, converges uniformly to f on D, there exists n* such that
|fulx) — f(z)| <e=1, Vx € D, n >n"
In particular, taking n = n*, we have
| fur (z) — f(z)] < 1, Vo € D.
Since f,~ is bounded, there exists M > 0 such that
| o= (2)] < M, Vo € D.

Therefore, for all z € D, we have

[f(@)] = 1(f () = fas(2)) + for (2)]
< [f(2) = for ()] + | fr (2)]
<1+ M.

This shows f is bounded on D.

8.2#6(a) (=) Given € > 0, since f, converges uniformly to f on D, there exists n* such
that -
|[fal@) = f@)] < 5, Yz € D, n2n’.

Taking sup over x € D, we obtain that, for all n > n*,

sup| fu(z) = fla)| < 5 <.
x€D

That is,
M, <e, Yn>n".



By definition, this shows

lim M, = 0.
n—o0

(<) Given ¢ > 0, since
lim M, = 0.
n—oo

there exists n* such that
M, <e, Yn>n".

In particular, for all n > n*, x € D, we have
[fu(@) = F@)] < sup |fu(2) = f(2)] = My <.
e

By definition, this shows f,, converges uniformly to f on D.

8.3#1 Note that, for x > 2, we have

x" < 1 < 1 50
1+x2n—x2n_$n—2n :
Therefore "
x
falz) = 15

converges uniformly to 0 on [2,5]. Clearly, each f, is continuous on [2,5]. So, by Theorem
8.3.3, we have

lim an(x) dr = /25 <lim fn(x)> dxr = 0.

n—o0 2 n—o0

8.3#6 Since f,, is continuous and converges uniformly to f on D, by Theorem 8.3.1, f is
continuous on D. In particular, for any given € > 0, there exists n} such that

) = (O] < 5. ¥n = .
On the other hand, by uniform convergence, there exists nj such that
UM@—f@M<gﬂm2nQVxeD
In particular, letting x = x,,, this implies
[Fuln) = F@a)l < 2, Vi 2 m,
Therefore, for all n > n* = max(nj, n}), we have
[fu(zn) = F(O)] = | fulwn) = fwn) + f2n) = f(c)]
< [fal@n) = fan)| + |f(2n) = f(e)]
< = + == £.
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Since € > 0 is arbitrary, this shows

lim fy,(2n) = f(c),

n—o0

as desired.



