
Let n ≥ 1 be a fixed integer, and let

Sj =
{

(ξ,
1

2
|ξ|2) ∈ Rn × R : |ξ − (−1)je1| < 1/2

}
where j = 1, 2 and e1 = (1, 0, · · · , 0). Denote by σj the surface measure on
Sj . Our goal is to prove the following.

Theorem 1 (L2-bilinear restriction theorem).

‖f̂1σ1f̂2σ2‖Lq(Rn+1) ≤ Cn,q‖f1‖L2(σ1)‖f2‖L2(σ2)(1)

for any q > n+3
n+1 .

This range of q is sharp up to endpoint.

Lemma 2 (epsilon-removal). To prove Theorem 1, it suffices to prove

‖f̂1σ1f̂2σ2‖
L
n+3
n+1 (B(0,R))

≤ Cn,αRα‖f1‖L2(σ1)‖f2‖L2(σ2), R ≥ 1(2)

for all α > 0.

Denote (2) by

R∗(2× 2→ n+ 3

n+ 1
, α).

Lemma 2 will follow from iterating the following.

Lemma 3 (induction on scale).

R∗
(
2× 2→ n+ 3

n+ 1
, α
)
⇒ R∗

(
2× 2→ n+ 3

n+ 1
,max((1− δ)α,Cδ))(3)

for any δ > 0, where C is independent of δ.

The main tool for proving Lemma 3 is the following.

Lemma 4 (wave packet decomposition).

f̂jσj =
∑
Tj

cTjφTj

where (i) Tj ranges over
√
R× · · · ×

√
R×∞ tubes with initial positions

x(Tj) ∈ R1/2Zn × {0}

and pointing in directions

ξ(Tj) ∈ R−1/2Zn × {−1}

that are normal to Sj, i.e.

(ξ(Tj),
1

2
|ξ(Tj)|2) ∈ Sj .

(ii) The wave packet φTj is essentially supported on Tj, and φ̂Tj is sup-

ported in an O(R−1/2)-neighborhood of (ξ(Tj),
1
2 |ξ(Tj)|

2) in Sj.
1
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(iii) The coefficients cTj satisfy Bessel’s inequality(∑
Tj

|cTj |2
)1/2

≈ ‖fj‖2.

Since φTj (x, t) solves the free Schrödinger equation, by the Plancherel
theorem we have the following.

Lemma 5 (conservation of energy).

‖
∑
Tj∈Tj

φTj (·, t)‖L2(Rn) = ‖
∑
Tj∈Tj

φTj (·, 0)‖L2(Rn) ≈ (#Tj)
1/2(4)

for all t ∈ R.

Now assuming R∗
(
2× 2→ n+3

n+1 , α
)

and ‖fj‖2 = 1, we need to show

‖
∑
T1

∑
T2

cT1cT2φT1φT2‖
L
n+3
n+1 (B(0,R))

/ R(1−δ)α +RCδ.

By a pigeonholing argument, we may assume that cT1 = c1, cT2 = c2.

Lemma 6 (pigeonhole principle). It suffices to show

‖
∑
T1∈T1

∑
T2∈T2

φT1φT2‖
L
n+3
n+1 (BR)

/ (R(1−δ)α +RCδ)(#T1)
1/2(#T2)

1/2(5)

for any collections Tj of Tj, j = 1, 2.

To utilize the induction hypothesis, we split BR into O(RCδ) many balls
B of radius R1−δ. Denote by B the collection of such balls. We can thus
estimate the left-hand side of (5) by∑

B∈B
‖
∑
T1∈T1

∑
T2∈T2

φT1φT2‖
L
n+3
n+1 (B)

.

For each T1 ∈ T1, we associate / 1 many balls B ∈ B which “captures most
intersection” between T1 and T2; write T1 ∼ B (and similarly for T2 ∈ T2).
We will prove (5) by showing the following estimates.

Lemma 7 (local part).∑
B∈B
‖
∑
T1∈T1
T1∼B

∑
T2∈T2
T2∼B

φT1φT2‖
L
n+3
n+1 (B)

/ R(1−δ)α(#T1)
1/2(#T2)

1/2.(6)

Lemma 8 (global part).

‖
∑
T1∈T1
T1�B

∑
T2∈T2

φT1φT2‖
L
n+3
n+1 (B)

/ RCδ(#T1)
1/2(#T2)

1/2.(7)
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Proof of Lemma 7. Applying the induction hypothesis to each ball B, we
can estimate the left-hand side of (6) by∑

B∈B
R(1−δ)α(#{T1 ∈ T1 : T1 ∼ B}

)1/2(
#{T2 ∈ T2 : T2 ∼ B}

)1/2
.

By the Cauchy-Schwarz inequality, this can be bounded by

R(1−δ)α
(∑
B∈B

∑
T1∈T1

1T1∼B

)1/2(∑
B∈B

∑
T2∈T2

1T2∼B

)1/2
.

which by Fubini’s theorem becomes

R(1−δ)α
( ∑
T1∈T1

∑
B∈B

1T1∼B

)1/2( ∑
T2∈T2

∑
B∈B

1T2∼B

)1/2
/ R(1−δ)α(#T1)

1/2(#T2)
1/2,

as desired. �

Lemma 8 follows from interpolating between the following estimates.

Lemma 9 (L1-estimate).

‖
∑
T1∈T1
T1�B

∑
T2∈T2

φT1φT2‖L1(B) . R(#T1)
1/2(#T2)

1/2.

Proof. By Hölder’s inequality it suffices to show

‖
∑
Tj∈Tj

φTj‖L2(B) . R
1/2(#Tj)

1/2

where j = 1, 2. But this follows directly from (4) and integrating in t. �

Lemma 10 (L2-estimate).

‖
∑
T1∈T1
T1�B

∑
T2∈T2

φT1φT2‖L2(B) / R
CδR−(n−1)/4(#T1)

1/2(#T2)
1/2.(8)

To prove Lemma 10, we start with the following observation.

Lemma 11 (transversal waves).

‖φT1φT2‖L2(Rn+1) . R
−(n−1)/4.(9)

Proof. Use Plancherel’s theorem as in Wolff’s paper. �

We now split BR into balls of radius
√
R. Denote by q the collection of

such balls, and denote

q(B) := {q ∈ q : q ⊂ B}.
For q ∈ q, denote

Tj(q) := {Tj ∈ Tj : Tj ∩Rδq 6= ∅}, j = 1, 2

T�B1 (q) := {Tj ∈ T1(q) : T1 � B}.
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By a pigeonholing argument, we may assume that

#Tj(q) ≈ µj , j = 1, 2

#{q ∈ q : Rδq ∩ T1} ≈ λ1.
Lemma 10 will follow from the following.

Lemma 12 (fine-scale decomposition).∑
q∈q(B)

‖
∑

T1∈T�B
1 (q)

∑
T2∈T2(q)

φT1φT2‖2L2(q) / R
CδR−(n−1)/2(#T1)(#T2).(10)

To estimate the left-hand side, we expand

‖
∑

T1∈T�B
1 (q)

∑
T2∈T2(q)

φT1φT2‖2L2(Rn+1)

as ∑
T1∈T�B

1 (q)

∑
T2∈T2(q)

∑
T ′1∈T�B

1 (q)

∑
T ′2∈T2(q)

∫
Rn+1

φT1φT2φT ′1φT ′2dxdt.(11)

Since the Fourier transform of the integrand is supported near

(ξ1,
1

2
|ξ1|2) + (ξ2,

1

2
|ξ2|2)− (ξ′1,

1

2
|ξ′1|2)− (ξ′2,

1

2
|ξ′2|2),

we see that the integral vanishes unless

ξ1 + ξ2 = ξ′1 + ξ′2

|ξ1|2 + |ξ2|2 = |ξ′1|2 + |ξ′2|2.
Lemma 13 (geometric constraint). The last two equations imply

(ξ′1 − ξ1) = (ξ2 − ξ′2) ⊥ (ξ′1 − ξ2) = (ξ1 − ξ′2).

For fixed ξ1 and ξ′2, denote

π(ξ1, ξ
′
2) := {ξ′1 : (ξ′1 − ξ1) ⊥ (ξ1 − ξ′2)}

and
ν(q) := max

ξ1,ξ′2

#{T ′1 ∈ T�B1 (q) : ξ′1 ∈ π(ξ1, ξ
′
2)}.

Lemma 14 (fine-scale estimate).

‖
∑

T1∈T�B
1 (q)

∑
T2∈T2(q)

φT1φT2‖2L2(q) / R
CδR−(n−1)/2ν(q)(#T�B1 (q))(#T2(q)).

Proof. This now follows from (11) and (9). �

To conclude the proof of Theorem 1, it remains to prove the following
(Kakeya-type) combinatorial estimate.

Lemma 15 (coarse-scale estimate).∑
q∈q(B)

ν(q)(#T1(q))(#T2(q)) / R
Cδ(#T1)(#T2).



5

Notice that by our assumption, #T2(q) ≈ µ2 and∑
q∈q(B)

#T1(q) ≤
∑

q∈q(B)

∑
T1∈T1

1T1∩Rδq 6=∅

≈
∑
T1∈T1

λ1

= (#T1)λ1.

So, to prove Lemma 15, it suffices to show the following.

Lemma 16.

ν(q0) / R
Cδ#T2

λ1µ2
for all q0 ∈ q(B).

Proof. We will use a “bush” argument centered at q0. Fix ξ1 and ξ′2. Denote

T′1 := {T ′1 ∈ T�B1 (q0) : ξ′1 ∈ π(ξ1, ξ
′
2)}.

We need to show that

#T′1 / R
Cδ#T2

λ1µ2
.

Consider the incidence set

I =
{

(q, T ′1, T2) ∈ q×T′1 ×T2 :

Rδq ∩ T ′1 6= ∅, Rδq ∩ T2 6= ∅,dist(q, q0) ' R
−CδR

}
.

On the one hand, we have

#I =
∑
T ′1∈T′1

∑
q∈q:Rδq∩T ′1 6=∅

dist(q,q0)'R
−CδR

∑
T2∈T2

Rδq∩T2 6=∅

1

≈
∑
T ′1∈T′1

∑
q∈q:Rδq∩T ′1 6=∅

dist(q,q0)'R
−CδR

µ2

'
∑
T ′1∈T′1

R−Cδλ1µ2

= (#T′1)R
−Cδλ1µ2.

On the other hand,

#I =
∑
T2∈T2

∑
T ′1∈T′1

∑
q∈q:Rδq∩T ′1 6=∅,R

δq∩T2 6=∅
dist(q,q0)'R

−CδR

1

/
∑
T2∈T2

∑
T ′1∈T

′
1

∃q∈q:Rδq∩T ′1 6=∅,R
δq∩T2 6=∅,dist(q,q0)'R−CδR

RCδ

/ (#T2)R
Cδ.

Combining these two estimates for #I gives the desired result. �


